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1. ** I Consider mathematical Quantities in this Place not 
as consisting of very small Parts; but as described by a 
continued Motion. Lines are describ*d», and thereby gen- 
erated not by the Apposition of Parts, but by the con- 
tinued Motion of Points ; Superficies's by the Motion of 
Lines ; Solids by the Motion of Superficies's ; Angles by 
the Rotation of the Sides ; Portions of Time by a continual 
Flux: and. so in other Quantities. These Geneses really 
take Place in the Nature of Things, and are daily seen in 
the Motion of Bodies. And after this Manner the Ancients, 
by drawing moveable right Lines along immoveable right 
Lines, taught the Genesis of Rectangles. 

2. ** Therefore, considering that Quantities, which increase 
in equal Times, and by increasing are generated, become 
greater or less according to the greater or less Velocity 
with which they increase and are generated ; I sought a 
Method of determining Quantities from the Velocities of 
the Motions or Increments, with which they are generated ; 
and calling these Velocities of the Motions or Increments 
Fluxions, and the generated Quantities FluentSy I fell by 
degrees upon the Method of Fluxions, which I have made 
use of here in the Quadrature of Curves, in the Years 1665 
and 1666." — Sir Isaac Newton's Quadrature of Curves, 
Stewart's Translation. London: 1745. 



** On a reproch^ k Newton de faire intervenir, sans n6ces- 
sit^, dans ce mode d'exposition, la notion du temps et celle 
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du mouvement. Le reproche peut 6tre foncl6, quant k la 
notion du mouvement, k laquelle rien n*oblige, en effet, de 
recourir ; mais on devait remarquer que la notion du temps 
intervient ici par la nature des choses, en raison de ce que 
le temps est la seule variable essentiellement ind^pendante, 
et la seule dont la variation soit essentiellement uniforme, 
ou la fluxion constante, 

" Dans tous les cas, la conception de Newton, appliqu^e 
aux grandeurs qui -varient effectivement avec le temps, a 
Tavantage de fixer la signification rM/e des fonctions d^- 
riv^es, et par Ik m6me de donner a Tavance la raison du 
role qu'elles jouent dans les applications de Tanalyse k la 
discussion des ph^nomfenes physiques. Newton se propo- 
sait aussi de fonder la th^orie des fonctions sur une id6e que 
Tesprit pflt saisir directement, sans passe.r par la considera- 
tion des limites et sans s'assujettir k une marche jusqu'k un 
certain point d^tourn^e et indirecte. II entendait exprimer 
directement la continuity dans la variation des grandeurs, 
au moyen du ph^nomfene le plus familier oti cette continuity 
tombe sous les sens. On a objects, d*aprfes d'Alembert, 
que, pour d^finir une vitesse continuellement variable, il 
faut toujours recourir k la consideration des limites ; mais, 
en faisant cette objection, on a mal a propos subordonn6 la 
precision des id^es k leur definition logique. Un concept 
existe dans Tentendement, ind^pendamment de la definition 
qu'on en donne ; et souvent Tid^e la plus simple dans 
Tentendement ne comporte qu'une definition compliqu^e, 
quand elle n*echappe pas k toute definition. Tout le monde 
a une idee directe et exacte de la similitude de deux corps, 
quoique peu de gens puissent entendre les definitions com- 
pliquees que les geomfetres ont donnees de la similitude.** — 
Thiorie des Fonctions et du Calcul InfinitdsimaL Par M. 
A. A. Cournot. Paris: 1841. 



PREFACE. 



The various methods of presenting the Differential Calcu- 
lus are founded upon four different fundamental conceptions ; 
— ^first. Infinitesimal Differences ; second, Limits ; third, De- 
rived Functions ; and fourth, Eates or Fluxions. The lastj 
which is due to Sir Isaac Newton, is the one we have adopted ; 
the ordinary notation being, however, retained, and the nec- 
essary changes made in the definitions of the symbols. "We 
have furthermore endeavored to establish the differentials of 
the functions in a manner not only in accordance with these 
definitions, but independent of the use of limits, infinitesimals, 
or series. The practicability of this course was first suggested 
to us by the ingenious treatise of Mr. James Connell, to which 
we are also indebted for several elementary examples of a 
kind not usually found in elementary treatises on the 
Calculus.* 

The method of deriving the differentials of functions, ex- 
emplified in the case of the square (page 21), and of the log- 
arithmic function (page 39), was first published in the Pro- 
ceedings of the American Academy of Arts and Sciences ; a. 
paper on the method having been communicated to the 
Society in January, 1873, by Professor J. M. Pierce of 
Harvard University. In this paper; (which was reprinted 

*The Elements of the Differential and Integral Caicvlits, by James OonneU. 
London : Longman & Co., 1845. (This work is now out of print.) 
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from the Proceedings of the Society *) the authors have 
shown that the method may be extended to all the functions ;; 
but for the purposes of elementary instruction it was judged 
best to employ the usual methods in the cases of the functions- 
whose differentials may be derived directly from those of the 
Square and the Logarithmic Function ; and also to employ 
another method in the case of the Trigonometric Functions. 

The mode of teaching the Differential Calculus introduced 
in these pages has been used by the authors for several years- 
past, in the instruction of their own classes, with unusually 
satisfactory results. (See Keport of the Board of Visitors to 
the U. S. Naval Academy for 1873.) 

The treatise, of which this is the first part, will be com- 
pleted and published as soon as possible ; it is designed to 
embrace all the topics usually found in text-books on this 
subject, and to fit the student for the study of treatises in 
which application is made of the Calculus to physical 
research. 

*0n a new Method of obtaining the Differentials of Functions^ vrith espe^ 
dal reference to the Newtonian Conception of Rates or Velocities. By Pro- 
fessor J. M. Rice and Professor W. W. Johnson (Printed by Welch, BigeloWy 
& Co., Cambridge, U. S.). A very complete r6siim4 of this paper bv J. W. 
L. Glaisher of Trinity College, Cambridge, is contained in the Mathematical 
Messenger, for August, 1874. 

Annafolis, Mabtlaih), ) 
November, 1874. ) 
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DIFFERENTIAL CALCULUS. 



OHAPTEE I. 



I. 

1. In the Differential Calculus, quantities are regarded as 
undergoing continuous change or variation in magnitude ; 
and the rates of these changes, whether of increase or de- 
crease, are treated in connection with the quantities them- 
selves. 



BATES. 

2. The rate of an increasing quantity may be compared to 
the velocity of a moving point. Thus, if a point P move 
from a fixed origin O along the straight line OX in the 
direction of the arrow, the distance OP will be an increas- 
ing variable which may be denoted by a?, and the velo(yity of 



X 







the point P will be the rate of increase of the varying quan- 
tity a?, 

1 
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UNIFORM VELOCITY. 

3. The velocity of a point may be uniform or variable ; 
it is waiforrri when the spaces passed over in equal intervals 
of time are equal, and when, consequently, the spaces passed 
over in amy i/ntervaZs of time a/re proportional to the in- 
tervals. 

4. The numerical measwre of a uniform velocity is the 
number of units of space passed over in the unit of time ; 
when feet and seconds are taken as the units, respectively, of 
space and time, the measure of a velocity is the number of 
feet described per second. If k denote the number of 
units of space described in one unit of time, and t the num- 
ber of units of time in any interval, th will be the measure 
of the space described in the time ^, and regarding t as vari- 
able, th^s space is proportional to t. 

Again, whenever the spaces described are proportional to 
their corresponding intervals of time, the velocity is uniform, 
and the quotient obtained by dividing the number of units of 
space by the number of units of time occupied in describing 
this space is constant, and serves as the numerical measure of 
the velocity. 

VARIABLE WITH A UNIFORM RATE. 

6. Now let P move with a uniform velocity, whose meas- 
ure is Jcj and let t denote the time which has elapsed from a 
fiven instant, taken as the origin of time ; and let -4, in the 
iagram, be the position of P at that instant. Denote OPy 

Xo A 

the distance of the moving point from the origin of dis- 
tances, by X ; and denote OA, the value of x corresponding 
to ^=0, by x^. Then AP, the space described in t units of 
time by the moving point P, contains tk units of space, and 
we have for OP the formula,]) 
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x=x,-htk, (1) 

in which aj is a varying quantity depending upon the vari- 
able t and the constants x,, and^. 

This formula defines a quantity increasing from an initial 
valtce x^ with a uniform rate k. The value of x consists of 
two parts ; — ^first, the initial value ; second, the portion gen- 
erated in the time t. 

6. If now the expression for a? is of the above form, in 
which the generated portion is proportional to t^ then the 
quantity x varies miiformly and the coeflScient of t is the 
measure of the rate. 

If the point P be moving in the opposite direction with 
the velocity k^ and A still denote the position of P when t 



X >P 



0< 



a^o 



is zero, OA will be aj„ and AP will be denoted, as before, 
by tk^ but the formula will become 

x=x^—tk, (2) 

in which —k may be regarded as the measure of the rate. 
This formula for a decreasing quantity may be included in 
(1) by giving negative values to k, it being understood that a 
negative rate denotes one of decrease. 



VAKIABLE VELOOriY. 

7- If the velocity of a point be not uniform, its numeri- 
cal measure at any instant is the member of units oj^ space 
which would he described vn a unit ofti/me^ were the vetocity 
to remain constant from, and after the given instant. 

Thus, when we speak of a body as having at a given in- 
stant a velocity of 32 feet per second, we mean that were the 
body to continue moving with the same velocity during the 
whole of the next second, which it had at the instant taJsien 
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32 feet would be described ; the actual space described may 
be greater or less in consequence of the change of velocity 
which takes place during the second; it is greater in the case 
of an increasing velocity, and less when me velocity is de- 
creasing. 

8. If it be desired to measure experimentally the velocity 
attained at any instant by a body in motion, the most obvious 
method is, when practicable, to give the body from the given 
instant a continuously uniform velocity identical with that 
which it has at that instant ; the uniiorm velocity thus at- 
tained may then be measured by comparing the space with 
the time occupied in describing it. Tnis is actually effected 
in the experimental investigations of the laws of falling 
bodies by means of Attwood's machine ; in these well-known 
experiments, a variable velocity is converted into a uniform 
velocity by removing a weight which is the sole cause of the 
variation. 

VABIABLE WITH A VARIABLE RATE. 

9. Let us now consider the quantity x generated by the 

Soint jP, supposed to move with a variable velocitv ; its rate 
>eing identical with the velocity of P) wiU itself he a va/ri- 
dble qtumtity. 

Thus, a little consideration will show that, if a? = f, x will 
increase as t increases, not uniformly, but with an increas- 
ing rate ; if, however, x = — , it will decrease as t increases,. 

and with a decreasing rate. Again, if a? = sin — , it will in- 

Jj 

crease with a decreasing rate, until t becomes unity ; then 
decrease until t = 3; the rate of x having its greatest nega- 
tive value when t = 2. 



DIFFERENTIALS. 

10. The rate of a quantity algebraically expressed is called 
its differential, and is denoted by prefixing a small d to the 
symbol denoting the quantity. 



_ I .££ 
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Thus, if X denote the variable, dx will denote its rate or 
•differential. Marks of parenthesis are nsed whenever am- 
biguity is likely to arise from their omission; thus, d{af)y 
'd{sin x)y d{xy)^ d{a^ + af*), &c. 

Making use of this notation, we express the conclusions of the 

preceding article, thus ; — if x^ f^dx must be positive, and 

a* 
will itself be an increasing quantity; but if a? =— , dx will 

fee negative and numerically decreasing ; rffsin-^j is posi- 

itive, and decreasing until ^ == 1, then negative imtil ^ = 3. 
These anticipations will be verified when we obtain exact ex- 
pressions for the values of the differentials. 



EXEBGISES I. 

1. ia) What can be said of the rate of a decreasing vari- 
able ? (J) What of the rate of a uniformly increasing vari- 
able ? 

2. (a) What can be said of a variable when its differential 
is positive and increasing? (b) What, when it is positive 
and decreasing ? (o) What, when it is negative and decreas- 
ing? 

3. What can be said of the rate of a variable which after 
<^asing to increase begins to decrease ? 

4. {a) What can be said of a variable when its differential 
is constant ? (5) Suppose the value of the constant differ- 
-ential to become zero. 



Am. 2. {a) The variable is incieasiiig with an increasing rate. 
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IL 

FTNCnOKS OF AN IND£FE3n>KNT VARIABLE. 

11. The examples of variable quantities given above are 
expressed in terms of the variable tj denoting the time, and 
are veritably va/rying quantities ; that is, such as have defi- 
nite values at definite tisnes^ and hence vary with a rate 
which has a definite value at each instant. The term variable 
is however applied also to quantities which are merely suscepti- 
ble of a variety of values, and of a continuous change in value^ 
like the abscissa and ordinate of a point moving in a curve. 

The variables which present themselves when mathematical 
principles are applied to the solution of problems, are usually 
so connected that one may be expressed in terms of another^ 
as in the case mentioned above of the ordinate and abscissa 
in a curve whose equation is known. 

12. Any analytical expression, whose value depends in any 
way upon that of a quantity involved in it, is said to be a 

Jkmctton of that quantity. 

__ , ^ X* — ax-^h ^ . ^ _ 

ThxiB^fn+{n—x)Xy . ^ log(aJ + a), tana;, a*, &c.^ 

are functions of x. 
But a^ - q>c^a^, log r (^' " ^ (^ -"^)l ^nd y\?? + 

(n — a?)aj] — nxy are rwt functions of oj, since they do not de- 
pend upon it for their values (a? disappearing from each ex- 
pression when it is reduced to its simplest form). 

The term function has already been rendered somewhat 
fiuniliar by its occasional use in Trigonometry and in Analy- 
tical Geometry. In the Calculus, however, it plays a muck 
more important part, being used with great frequency, and 
with a signification so extended as to embrace not only quan- 
tities which can be represented by Algebraic, Trigonometric,. 
and Logarithmic expressions, but in some cases mose which. 
are not susceptible ox mathematical definition. 

13. It is customary to represent the value of a function b]^- 
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a single letter ; — thus, y = (« — a?) tan x, y = log a?, and 
y = aaf^ — hx^-\-G; in each of these expressions, y is said to 
be a function of x. 

It is often important to express that y is a function of x 
without specifying the form of the function ; in such cases 
we write y ^f{x). If more than one function of x is under 
consideration the expressions y(ic), F{x), ^(aj), &c., are used. 



CLASSIFICATION OF FUNCTIONS. 

14. In an equation expressing the relation between the 
variables x and y, either variable may be regarded as a func- 
tion of the other, the latter is then called the independent 
variable. If one variable is expressed dvrectly in terms of 
the other, the former is said to be an explicit function of the 
latter ; thus, — in the above examples, y is an explicit function 
of X. When an equation involving a> and y is not of this 
form, y is said to be an implicit function of x. 

Explicit functions are divided into Algebraic and Trana- 
cendental functions; the latter class includes Exponential 

functions, as a^^ xa ^■^^; Logarithmic functions as logo?, 

{a + ^ log Vd(f^ — a^, and Trigonometric functions as sin a?, 
tan a?, (a^ -f- x^) sec x^. 



Examples II. 
1. Is -^ — I — a function of a? ? 

, GLX — Q^ 

aj + 



2. Is — — a function of x% Is it a function oi a\ 

^ a — X 

a-\-x 

3. Of what quantities is {x-\-a—yy—a{a-\-2x)-\-x{2y~-x) 
a function ? 

Ill 

4. Given, - H = 0, to make y an explicit function 

^y^x a ^ if t^ 

of Xy and x an explicit function of y. 
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5. What explicit functionB of x are included in the im- 
plicit function y^ — 2ay + a' — aj" = ? 

6. Show that ,— ^ = ti is equivalent to the explicit form 

logic 

7. In the curve whose equation is xy-\-x-\-y-\-2^=0, 
what function of the ordinate is the abscissa ? 

8. Given the equations, — 

n-\-l = n(Q03 ^0' + cos ^'cos ^ + ^^os '^), 
and n — 1 = n{sm W + sin ^'sin -\- sin ^0), 

eliminate ti, and make 0^ an explicit function of d, 

9. If /(a?) = x\ what does /(a? + h) equal ? f(z) ? /(2a?) 1 
f(x^) ? f{x^ ~ X) ? /(I) ? /(lO) ? 

10. If F{x) = a^, what does F{a) equal ? i^(l) - F{0) ? 
Show that [i^(aj)]' = F{2x). 

11. If /(/?)=sin», what does /(O) equal? /(j)* 

/(f) ?/W? 

12. If ^(a?) = ?724», show that <p(x) + ^(y) = <p{x + y). 

13. If f{x) = af^, show that f{x).<p(j/) = <p{xy). 

14. If ^(a?) = log a?, show that f{x) + f>(y) = fipf^)- 

15. If (p{x) = fl^% show that f{x),<p{y) = ^(a? -(- y). 

16. If the expression xj^{x) is not a function of x, show 
what must be the form of the function /(a?), and prove that 
that xf(x) = ^f{^)' 

Ans. f{x) = -, where c is an unknown constant. 

17. Conversely, if xf{x) = zf(z\ what must be the form 

18« If --f{x) = -./{s), what must be the form oif{x) ? 

X z 

6. y^a ±x. 

It 
8. By adding and reducing we obtain 0' = © ± -. 
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III. 
DIFFERENTIALS OF FUNCTIONS. 

16. When a quantity and its function are regarded as un- 
•dergoing continuous cnange, it is obvious that the rate of 
<5hange of the function will depend upon the rate of change 
in the variable ; that is, the differential of a function of x 
will depend upon dx. We now proceed to express the difPer- 
•ential of each of the simple functions in terms of the differ- 
'Cntial of the independent variable. The value of rfa? is to 
be regarded as entirely arbitrary. The following proposi- 
tions are immediate deductions from the method of measur- 
ing rates explained in the articles on variable rates. 

Proposition I. 

16. J^ h denote a eonstant quantity^ and x a vcmcMe 
qua/rvtityy the rate ^x -f- h will equal that ofny or 

d(x -|- A) =r doi^, 
JFor if A be represented by AB and x by J5P, A and B 

lA JB P 

< h I « > 

T>eing fixed points and i^ a moving point, the rate of jP, 
whemer unirorm or variable, will belong equally to BI^ 
(or x) and AJP (or x-\- h) 

lence d{x -\- h) = dx. 

PROPOSmON II. 

11. If ra dendte a constant factor, the rate of the func- 
tion mx wiU equal the product obtained hy multiplying the 
rate ofn hym^or 

dimoi) = mdx. 
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If X varies with a uniform rate, it can be expressed thu& 
(Art. 5),— 

Whence mx = mx^ + ^^tky 

in which the generated portion is proportional to the time ; 
hence (Art. 6) mx varies uniformly, and the coefficient {mk} 
of t is the measure of the rate ; in this case, therefore, 

d(mx) = rndx. 

Again, if x varies with a variable rate, the proposition still 
holds ; for, if at any instant k is the measure of the rate, or 
portion which would be generated in a unit of time were the 
rate to remain uniform (Art. 7 and Art. 9), then as before? 
mtk would be the generated portion of rnx in t units of time, 
and mk generated in one unit of time would be the measure; 
of the variable rate ; hence in general 

d{mx) =^mdx. 

The above demonstration is applicable when the quantity 
denoted by m is negative ; 

hence d{ — mx) = — mdx ; 

also if m = — 1, d( — a?) = — dx. 



Proposition III. 

18. If X and y denote two va/rmbles^ tJie rate oJ^x-\-j is^ 
the 8v/m of the rates of x and y. 

Let x^ denote a particular value of a?, and h that of dx cor- 
responding to it ; let y^ and kf denote the simultaneous valuer 
of y and ay respectively. 

Then, if the rates of x and y were to remain constant, their 
values at the end of the time t would be 

x = x^ + tk, 

and y = yo + tk'; 

hence that oi x -\- y would be 

x + y = x,-\-y, + t(k + i/);. 



I 
I 
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that is, the rate oi x -t y would also remain constant and 
equal to ^ + ^', 

hence d {x-\-i/) = dx-\-dy. 

As this result is true for any values of dx and dy^ it is true" 
when they are variables. 

19. To illustrate this proposition let us suppose a man 
walking upon the deck of a ship, and in the direction of the 
ship's motion. Let the distance of the stern-post of the ship 
from a fixed point in the wake of the ship be denoted by the 
variable x, and let the distance of the man from the stern- 
post be denoted by y ; then dx is the velocity of the ship 
and dy the velocity of the man with reference to the deck of 
the ship. Now a? + ywill denote the distance of the man- 
from the fixed point, and d {x-\-y) his actual velocity with 
reference to it, then the proposition 

ld{x-\-y) =^dx+[[iy 

indicates that the actual velocity of the man with reference 
to a fixed point equals the velocity of the ship plus that of 
the man with reference to the ship's deck. 

Examples III. 

1. Find by Prop. II. the differential of — , and of ^.. 

JiO Ob — It 

Ans. —-dx. and dx. 

25 ' a— 2 

2. Find the differential of 5—, and of ^-. FNotice- 

carefully the constant parts.] 



3. Find the differential of ^ + ^ + (^--^) «?^ 

or — o 



Ans. 



dx 



[ 4. Fmd the differential of ^^, and of ^i^ + fj . 



a-{-lh 
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5. Given 2aj — 3y = 5, to differentiate y as a function 
of a?. 

6. Given a? + y = o, to find dy in terms of dan. What 
"does the result express when = 0? 

7. If dy^=dxy what can be inferred of the relation be- 
tween X and y ? 

8. If y = -^ — ^ when is it an inereasing,*and when is it 
•a decreasing function of a? ? 

OR tJ Z 

9. Given - + t H — = 0, to express dz in terms] of dx and 
dy. 

10. A man whose height is 6 feet walks from under a 
lamp-post at the rate of 3 miles an hour. At what rate is 
the extremity of his shadow travelling, supposing the light 
to be 10 feet above the level pavement on which ne is wwk- 
ing? 

[Draw a figure, and denote the variable distance of the 
man from the lamp-post by a?, and the distance of the ex- 
'tremity of his shadow from the post by y]. 

Ans. 7^ miles per hour. 

11. At what rate does the man's shadow [Ex. 10] increase 
in length ? 



IV. 

FUNCTIONS ILLUSTKATED BY CURVES. 

20. If y denote a function of x, and a curve be con- 
structed, X being an abscissa and y the corresponding ordi- 
nate, this curve will serve to illustrate the variation of the 
function y when x is supposed to vary uniformly. 

The figure presents the curve corresponding to the func- 
tion y = af. If this curve be generated by a point of which 
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1ft 



the abscissa, starting from the value zero, increases uni- 
formly (in other words, ifdxhe constant), the rate of increase 
of the ordinate is evidently variable, and it is likewise evi- 




dent that the motion of the generating point in the direction 
of the axis of y is an accelerated motion; dy therefor© 
denotes in this case an increasing variable rate. 



UNIFOBM BATE OF BOTH YABIABLBS. 

21. Let the ordinate y move along ^X (keeping always 
parallel to OY) with a uniform rate or velocity da?, and, at 




the same time, let it increase in length vnth a uniform 
rate dy. Let jP, denote the position ot the point at the endi 
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of t units of time. Since do? is constant, and since a? starts 
.with the initial value zero, we have (Art. 5) 

.and since dy is constant, while y starts with the initial 
value i, 

y — f>-\-tdy. 

Eliminating t ^ = ^ + ^ 3^ 5 

dy and db being both constants, we put m for -^, thus — 

This result, being independent of any particular value of 
.^, is true for any point of the path, and is therefore its equa- 
tion ; moreover, it is obviously the equation of a straight line, 
tsince m is a constant. 

It therefore follows, that a point moving with uniform 
rates in two directions wUl describe a straight line/ the 
line thus described is evidently the diagonal of a parallelo- 
gram of which the sides are tdx^ and tdy. 



VARIABLE RATES WITH A CONSTANT RATIO. 

22. Evidently, the above line may be described by a point 
moving with a variable velocity ; in which case, the veloci- 
ties in the directions of OX^ and (91^ will be variable ; but 
the ratio of these velocities will still be constant; for, from 
the equation of the path, by taking differentials of both 
members of 

y = mx -\- J, 
we have dy = mdx, 

dy 
or -f =im. 

The ratio m evidently determines the direction of the 
straight line, or, what is the same thing, the direction of the 
motion of the generating point. When the axes are rectan- 
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gular, 7th is the tangent of the inclination of the line to the 
axis of X, 

23. Since an equation of the form 

is represented by a straight line, functions of the form ma? + h 
are called linea/r functions. In an equation of the first 
degree {Ax -\- By -f- t? =: 0), each variable is a linear function 
oi the other; equations of this form are therefore called 
Unea/r equations. 



BATES WITH A VARIABLE RA.TIO. 

24. If, while the rate dx is constant, dy is variable, the 
point will describe a curve, as in the case of the function 
y = aj", to which the corresponding curve is traced above. It 

is further evident that the value of -^ determines the direc- 

dx 

tion of the motion of the generating point ; because, from what 
has been shown above, when this ratio is constant, the point 
moves in a constant direction, and when it undergoes con- 
tinual change the point moves in a variable direction, or in 
other words describes a curve. 



THE RATIO OF DIFFERENTIALS ILLUSTRATED QEOMETRIOALLY. 

26. If, when the venerating point of the curve AP^ in the 
figure, arrives at a given position jP, the rate dy as well as dx 
becomes constant, the point will thereafter retain a constant 
direction and rate of motion, and will describe the straight 
line jPjP', which has the direction of the motion of the gen- 
erating point of the curve when at the position P ; in accord- 
ance with the following definition, this line is called a tern- 
gent. 

The ta/ngent to a cwrve at any point is the straight Une 
which passes through thejpovrht^ a/nd has the dl/rection of the 
(ywrve at thatjpoint. 



16 
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This general definition of a tangent line will be shown 
hereafter to give identical results with those ah-eady familiar 
to the stadent, in the cases of the circle and of the other conie 
flections. 




A O 



26. If (the co-ordinate axes being rectangular) we denote 
the inclination of this tangent line to the axis of x by y, we 
shall have (p = P'PB (see diagram) ; hence 

in which tan ip has a definite value for each point of the 
curve^ but varies from point to point, and is therefore capable 
of being expressed as a function of a?. Hence when the 
curve illustrating y as a function of x is constructed, the 

value of the ratio -j- is re presented by the trigonometric tan- 
gent of the inclination to the axis of x of the motion of the 
generating point, the direction of this motion being one or 
the other or the two opposite directions on the tangent line 
through the point. The angle <p at any point may have either 
of two values differing by 180°, but 

; tan y^ = tan (^ ± 180°) ; 

hence the value of tan ip at any point of the curve is per- 
fectly definite. 
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FUNDAMENTAL THEOBEM. 

27. Since the path of the generating point of the curve, 
illustrating an explicit function of x is determined by the 
form of the function, in other words by the equation of the 
curve, its direction at any point, and consequently the value 
of tan ^, does not depend upon the value of ax ; therefore the 

value of -^ does not depend upon dx, hut is either constant 
dx 

<is in the case of the linear function, or may be expressed 

dimply as afu/nction ofx. 

28. Thus, since we know that the equation 

[y = ax^ 
does not represent a straight line, we know also that -^ can- 
not in this case be constant, and therefore by the theorem it 
is a function of a?; we shall see hereafter that it is in fact 
Sax*. In general, if y =f(x), 

«ome other function of a? ; we may therefore write 

The function /^'(^) ^^ called the derivati/ve of the function 
f{x). Whenf(x) is the ordinate of a curve,y'(^) = ^*^ 9* 

Examples IV. 

1. Trace the curve y = log x. Is tan y> in this case an 
increasing or a decreasing function of a?? 

a^ 

2. Given, the function y = — ; if dxiB constant and posi- 
tive, what can be said o£ dy'i What of dx, if dy is constant 

and positive ? 
13 
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3. Determine, by tracing the curve corresponding toy = a% 
the character of the function -^. 

(IX 

4. Trace the curve y = x*. I&f^{x) ever negative for thi& 
curve? Js/\x) on the left of the origin an increasing or a 
decreasing function oi x'i On the right of the origin ? 

5. Trace the curve y^ = x* : determine the sign of d (tan ^) 
for the branch above the axis of x ; also for the branch below 
the axis of x. 

6. If -^= a?", can y ever be a decreasing function of a? ? 

7. If -,- = Xy when is y an increasing function of a?? When 
is it a decreasing function of a?? 

8. If y(a?) = sin x, doe&J^\x) ever change sign ? 
I£j{x) = tan Xy doesy(a:j) ever change sign? 

9. If a point move so that the rate of its abscissa is twice 
that of its ordinate (both positive), and cross the axis of y 
two inches below the origin, what is the equation of its path ? 

Ans. y = ^x — 2. 

10. If a point move in the straight line 2y — 7x — 6 = 
so that its ordinate decreases at the rate of 3 units per second, 
how is it moving in the direction of the axis oi xi 

11. If a point moving in a curve passes through the point 
(5. 3) moving at equal rates upward and towards the left, 
wnat is the equation of the tangent line to the curve at that 
point ? 

12. If a point is moving in the straight line 

X cos a-\-y sin a = j?, 

and if its rate in the positive direction of the axis of x is 
I sin af what is its rate of motion in the direction of the axis 
of y ? Ans. — I cos «• 
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V. 

DIFFERENTIATION. 

29. To differentiate an eqvMion is to express the equality 
of the differentials of its members. This equality evidently 
exists when the two members are constants, as, for example, 
if we have a?* -f- ay^ -[- ^y + <5 = ; and also when they are 
functions which are equal for all values of the variables upon 
which they depend. 

In such cases, therefore, we are able from a given equation 
to derive another by differentiation ; thus, from the identical 
equation 

* 

we derive d\^ (x — (jb){x-\- a)^ = diof). 

Again, the relation between x and y being expressed by 
the equation 

2« — 3y = 5, 

we obtain 2rfaj — Zdy = 0. 



POLYNOMIALS. 

30. The three elementary propositions given above show: 
that, in obtaining the differential of a polynomial, the differ- 
ential of each of its terms is to be taken separately ; that a 
constant factor of a term whether positive or negative appears 
simply as a coefficient of the differential of the variable factor 
of the term ; and that the differential of a constant term of 
a polynomial is always zero ; thus, — 

d{x' + Sx'-2xy~ + 5) = d{x') + 3d{x') - 2d{xy) -^^dx. 

We have still to determine the differentials of the variable 
factors. 
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COMPLEX FUNCTIONS. 



31. To differentiate a function is to express its differen- 
tial in terms of the differential of the variable npon which 
the value of the function depends. Thus, to differentiate a?" 
is to express di^) in terms of dx^ and to differentiate sina? is to 
express di^\\\ x) in terms of dx. To differentiate sin'a?, we 
have first to express di^WiX) in terms of 6?(sincc), and then, 
by substituting the value of the latter differential, we finally 
express d^v^oS) in terms of dx. 

We have now, therefore, only to establish formulas for the 
differentiation of the simple functions. 



Examples V. 

1. Prove that, — 

d^x^Kf = d {x') + 2hdx; 
also, that — 

d{x - yf = d{a?) - Mixy) + d(f). 

2. Given ay-\-hx-{- 2gx + « + 8 = 0, to find -^. 

3. Given y(a?) = ax-\-8x — GX-\-x-\-b,to find y '(a?). 

4. Given yloga -j- ^ sin ^ — y cos a — ax -j- tana= 0, to 

findf. 

dx ,3 

5. Given aysina — ax + axGOsa — J'seco: = ; show that 
y is constant and equal to i a. 
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CHAPTER 11. 

THE DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 

VL 
TIIE SQUARE {x^). 

32. In establishing the formulas for the differentiation of 
the simple algebraic functions of an independent variable, we 
find it most convenient to begin with the square ; the object 
of this article is therefore to express d{x^ in terms of a? and 
dx. 

We first deduce a relation between two values of the deriv- 
ative of the function and the corresponding values of the 
independent variable ; for this purpose we assume two values 
of the variable having a constant ratio m, thus : 

z = mXj then will dz = mdx (1) 

and z'=zm'x% .-. d{z') = m'd{x') (2) 

Dividing equation (2) by equation (1), 

T-^V' (^) 

a relation between two values of the derivative ; putting for 

z 

m its value ^, we obtain 

X 

d{z')^z d{x') .^. 

dz X dx ' ' 

the relation required. Dividing by z to separate the vari- 
ables, we have 

i^^^i^^) .g. 

z dz X dx ' 
This equation is true for all values of the quantities a?, Zy 
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dx and dk ; for, by the Fundamental Theorem —^^ is inde- 
pendent of dz^ and -A_>' is independent of dx^ the derivatives 

(XX 

being functions respectively of z and of x simply ; moreover, 
the equality exists independently of any particular value of 
m, since it has been eliminated. 

The first member of this equation being independent of the 
value of dz can be a function of no variable quantity except 
5, and so likewise the second member can be a function of no 
variable quantity except x. 

If, therefore, we denote ^ ^jf{^)^ and adopt the notation 
of Art. 28 for the derivative, we may write equation (5) thus : 

\-f\^) = \f'{^) (5') 

Now, since the form of the first member of this equation is 
the same as that of the second member, it follows that the 

value of the expression -. f\x) or -. -^-^ does not change 

when X is changed to ^, the latter representing, it must be re- 
membered, any other value of the independent variable ; the 
value of this expression is therefore constant, and denoting it 
by c we wTite 

i.^)==C; (6) 

X dx 
whence d{x') = cxdx (7) 

To determine the unknown constant c we apply this result 
to the identity 

(x-\-hy = x''{-2hx-\-h'; (8) 

differentiating each member (Art. 29) by formula (7) we have 

c{x + h)d{x -f- A) = aedx -\- 2hdx ; (9) 

since d{x + h) = dx, equation (9) reduces to 

chdx = 2hdx 
or (c — 2) hdx = ; 
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and, since h and doi are arbitrary quantities, we have 

0=2, 
which substituted in (7) gives 

d(^) = 2a?^ (a) 

That is, ^A^ d/ifferentiaZ of the square of a vamahle equals 
twice the prod/act of the va/nahle a/nd its differervtial. 

88. Thus, if a variable is increasing at the rate of 5 units 
per second when the value of the variable is 7 units, the rate 
of its square is 2 X 7 X 5 = 70 ; that is, the square is in- 
creasing at the rate of 70 units per second. 

Since x and dsa are arbitrary, we may substitute for them 
any variable and its difFerential. Eq nation {a) therefore en- 
ables us to differentiate the square of any variable whose dif- 
ferential is known, thus — 

di^x - 3)' = 2(2a? - 3)2^ ; 
and d^of + hxf = 2{ax^ -\- ix)d{ax^ -|- bx) 

=. 2{aaf 4" hx){2a/x -f- i)dx. 



THE SQUABE ROOT (Vx). 

34. We shall now proceed to derive the differential of the 
ucM^e root. The square and the square root are both partic- 
ar cases of the power (af*), which will be differentiated here- 



after. 




Put 


y — Vx, 


whence 


y'-x, 


differentiating by (a) 


2ydy — dx, 


-or 


jj dx 


l)ut y — Vx, .-. 


dir.) - "^^ 



(*) 



That is, the differential of the square root of a va/riahle 
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^vn 



if ^ — i*' = 



 r— jr 



If a = 13, az:4 if jf be iiL'^easr^ a: ie rase cf 5 uniss per 
Wi^r.A 'w^Lfi^i, h r&acL^g tLe Tal-ie 5, riis resili ^-z-ws that 

V^F— j^ lA iLezt dberfr^.T.g ai the rase •:£ f of a mit per 
iecr>rA 



Examples VL 

1, D;fferer.t:ate (2jf — 3 % and £i;d the nninerical Tafaie 
of it« ra^re, when ;( has the valae S. and is decreaEiiig at the 
rate of one nnit per eecond. 

2, Differentiate » ? i and a /"L [In the fiist case — ^ 

a J \ a €r 

md in the second — — is a constant factor of the variable 

fa 
part of the function.] 

3, Does i!^ ever decrease while x increases ? 

4, How does Vx YBTj when x increases nnifonnly ? 

5, Derive the differential of — i^ by the method em- 
ployed in Art. 34, assuming y = — - i^ar, <S:c. 

6, Differentiate (af + ^)', and a/'^ + ^, 

V <* -\-2ao 

7, Differentiate the identity (V»4- ^)' = »+»+ Si^oa?. 

8, How does a? — Vaf — a* vary when a? increases uni- 
fr;rmly? 



9* Differentiate Va-\-bx-\' caf, and Vj^ + a?"- 
10. Differentiate 4^^?+ VT+^ 
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11. A man is walking on a stcaight path at the rate of 5 ft. 
per second ; how fast is he approaching a point 120 ft. from 
the path in a perpendicular, when he is 50 ft. from the foot 
of the perpendicular? 

Let X denote the variable distance of the man from the 
foot of the perpendicular, and let a denote the length of the 
perpendicular (120 ft.) ; then the distance of the man from 

the point is Va^ + ^^ ^^ which the rate of change is denoted 

by d{Va^ -{-x^)^= a / ^_\ ^ ' ^* ^^ instant considered, x = 

50 ft. while a = 120 ft., and dx = — 5 ft. per second (since 
the man is ajpprodcKing the foot of the perpendicular at that 
rate). 

vUlA/vU 

By substitution we have /===== = — 141; hence his dis- 

Va -\-x^- 

tance from the point is diminishing (that is, he is approach- 
ing it) at the rate of 1^ ft. per second. 

12. If the side of an equilateral triangle increase uniformly 
at the rate of 3 ft. per second, at what rate is the area increas- 
ing, when the side is 10 ft. ? Ans. 15 VZ. 

13. A stone is dropped into still water and produces a series 
of continually enlarging concentric circles ; it is required to 
find the rate at which the area of one of them is enlarging, 
when its diameter is 12 inches, supposing the wave to be 
then receding from the centre at tne rate of 3 inches per 
second. Ans. 36 ;r. 

14. If a circular disk of metal expand by heat so that the 
area of each of its faces increases at the rate of 0.01 sq. ft. 
per second, at what rate is its diameter increasing ? 

15. A man standing on the edge of a wharf is hauling in a 
rope attached to a boat at the rate of 4 ft. per second. The 
man's hands being 9 ft. above the point of attachment of the 
rope, how fast is tne boat approaching the wharf when she 
is at a distance of 12 ft. from it ? 
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VII. 

THE PEODUOT {pcy), 

36- If » and y denote any two variables, ccy is a function 
of both, and its differential depends upon a?, y, c&, and dy. 

In order to derive this differential, we express xy by means 
of squares, since we have already obtained a formula for the 
differentiation of the square. Thus, from the identity 

{x + yY = »' + 2ajy +y, 
we derive xy = •J(a? + yf — ^ ■— Jy*. 

Differentiating, dipey) == (a? -f- y){dx -\- dy) — xdx — ydy^ 

d^) = ydx -\- osdy (g) 

That is, the differentiaZ of the product of two variables 
equals the sum of the products ohtamed hymultvplyi/ng each 
variable by the differentiaZ of the other. 

Since x and y denote any variables whatever, and dx and 
dy their differentials, we can substitute for x and y any vari- 
able expressions, and for dx and dy their corresponding dif- 
ferentials. Thus — 

t?[(i + x')V^r^ ] = v^r^\ 2xdx - (^ + ^')^^ 

Va^ — a?" 

^d" - 3a;'' - 1 _, 

-xax. 



Va'-x" 



THE RECIPEOOAL 



(D- 



36. The reciprocal is a function of x whose differential 
may now be obtained by means of its implicit form. 
Denoting the function by y we have 



1 , 
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DifEereiitiating this eqaation by formula (c) we obtain 

ydx -|- osdy = 0, 

, , ydx 

-whence dy= — - — ; 

^substituting the value of y, 

<D = -f- » 

That is, the differential of the recvprocal of a variable is 
^ual to the negative of the quotient obtained hy dividing the 
differential of the variable by the square of the variable. 

Formula yd) enables us to differentiate any fraction of 
which the denominator alone is variable ; thus — 

^ + ^\_ /_L_7»\ ^ 



\a-\-x/ ^ ' 



a-\-xJ ^ \a-\-xY' 



(3)- 



THE QUOTIENT 

37. By the term quotient as used in this article, we mean 
a fraction whose numerator and denominator are both vari- 
ables. In deriving its differential, the quotient is regarded 
as the product of its numerator by the reciprocal of its denom- 
inator. Thus, applying formulas {o) and {d)j 

di -] = df X. -] = - dx + osdl - ) 

\yy \ yJ y \y/ 

__ dx xdy 

d(^\ = y^^ (,) 

\yJ y 

That is, the differential of a quotient is found by suhtTaGt- 
ing the "product of the numerator by the differential of the 
^enjominator from the product of the denomvnator by the 
differential of the numerator^ and di/oiding tJie difference by 
the squa/re of the denomvnator. 
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It will be noticed that the negative sign is attached to the 
part dependent upon the differential of the denominator. 

This formula is to be used only when both terms of the 
fraction are variable ; for when the numerator is constanty 
the fraction is equivalent to the product of a constant and the 
reciprocal of a variable, and when the denominator is con- 
atantj to the product of a constant by a variable factor. 



Examples VII. 

1. Show from formula {d) that the reciprocal is always a 
decreasing function. When is its rate most rapid ? 

2. If the sides of a rectangle increase uniformly, the one at 
the rate of 2 inches per second, and the other at the rate of 
3 inches per second ; what is the rate of increase of the 
rectangle, when its sides are 8 inches and 6 inches respect- 
ively ? 

3. What is the rate of this rectangle at the instant it becomes 
a square ? [To find the common value of the sides at < this 
instant, express each by means of the formula of Art. 5.] 

Ans, 60 square inches*. 

4. Differentiate the identity {x -^y) (x — y) = x^ — y^ 

a X d^ I /y*^ 

5. Differentiate the identity -A — = — -I- — . 

X a ojx 

6. From the identity 0Gy = i{x-{- yf — J(a? — yY derive the- 
formula for differentiating the product. 

7. Differentiate — -p=- and 



Vx ^ 

8. Differentiate -^ ~ — . [Notice the advantage of 

X 

using the form - -\-h-\- gx.'\ 

X 

9. Differentiate the identity = \- a-\-x^ 

a — X a — X 
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10. Deduce a formula for differentiating the fourth 
power, — writing a?* in the form a?\ oi? ; also in the form (a?'')'. 

11. Differentiate -^ 5, ; also -^- — . 

a; — aj 2nc 

12. Differentiate . Use the form — . — , 

13. Differentiate /'~Z_ . [ = («' — *")./=^=. 1 

14. Differentiate 



V2 



ooj — a? 



15. Differentiate -— = + 



16. Differentiate 



Vl + a? Vl — X 

X 



Vl^ 



X' 



;iate/i /-- it 



X 



17. Differentiate 

a? 

18. Differentiate —7== . [Free the denominator 

ya^-{-x^ — X 



from radicals before differentiating.] 
19. Differentiate Vx-\- Vl -\- y?' 



Vx'\- Vl+ XT 



Ans, — dx. 



20. Differentiate V"^" _j_^4/^«-|_aj''» 

21. Given -^+ ^= 1, to express -^ in terms of x} 

a '^ dx 

22. Given y" = 4aa?, to express ^ in terms of a?, and also 
in terms of y. 
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23. One end of a ball of thread is fastened to the top of a. 

Eole 35 feet high ; a man carrying the ball moves uniformly 
. rom the bottom at the rate of hve miles an hour, allowing- 
the thread to unwind as he advances ; the height of the ball 
being 5 feet, what is the man's distance from the pole when 
the thread is unwinding at the rate of one mile per hour ? 

24. A ladder 25 feet long reclines against a wall, the bot- 
tom of the ladder being 7 feet distant from the bottom of 
the wall ; when in this position, a man begins to pull the 
lower extremity along the ground at the rate of 2 feet per 
second ; at what rate does the other extremity hegin to descend 
along the face of the wall ? 

25. Two engines are moving along two straight lines of 
railway which intersect at an angle of 60° ; the one is 
approaching the intersection at the rate of 25 miles an hour, 
and the other is receding from it at the rate of 30 miles an 
hour ; find the rate at which they are separating from each 
other, if each is 10 miles from the intersection. 

26. Derive, by the method employed in Art. 32 to deter- 
mine the differential of the square, the result d(-\=^ ^, c 
being an unknown constant. 

27. A street-crossing is 10 feet from a street-lamp situated 
directly above the* curbstone, which is 60 feet from the verti- 
cal walls of the opposite buildings. If a man is walking 
across to the opposite side of the street at the rate of 4 miles- 
an hour, at what rate does his shadow move upon the walls — 
1°. When he is 5 feet from the curbstone ; 2°. When he is 
20 feet from the curbstone ? 

An8. 1°. — 96 miles per hour. 2°. — 6 miles per hour^ 
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VIIL 
LOGAIOTHMIO DIFFERENTIALS. 

38. Formula (c) for the differential of a product may be 
written — 

d{xy) _dx dy 

xy X y ^ 

This form is readily extended to products of any number 
of factors, thus — 

let a?i a?2 a?8 . . . . a?p denote the product of p variable factors^ 
then — 

d{x^ a?, a?3 . . . . ajp) ___ dx^ , d{x^ x x^ 

CA/| M/ji M/g • • • • vUp O/j K/|| l^g «  • • vUp 

__ dx^ . dx^ . d{x^ , . .,Xp) 

u/| X^ X^ • • • • Xp 

•i?j cZ/j c^g  • • • eZ/p M/j M/g X^ Xp 

From the analogy of the property thus expressed to the 
fundamental property of logarithms, the ratio of its differ- 
ential to the variable is called the loga/rithmic aifferent%al / 
thus equation (2) expresses that the loga/rithmic diff^erenticd of 
theprod/actr of any number of variable factors is eqtMl to 
the sum of tae loga/rithmio differentials of the factors. 

Equation (2) cleared of fractions becomes 

d{x^ x^. .Xp)=x^ a?,. ,Xp dx^-\-x^ x^. .Xp dx^-\-x^x^. .dxp^. .(</). 
an extension of formula (c). 

8 9- ITie loga/rithmic differential of the reciprocal is found 
thus — 



(8> 



U/ 1 — 

\xJ 


f  


afl dx 


1 

X 


1 ^ 

X 
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That is, the logarithntic differential of the reovproGal of a 
va/ricMe is avrrivly the negative of the logarithmic differen- 
tial of the var%oMe, This is likewise analogous to a property 
of logarithms. 

Equation (3) enables us to extend the general property of 
logarithmic diiierentials to the case of factors which appear in 
the denominator, the logarithmic differentials of such factors 
being subtractive. Hence we may write 

^f x^ a;,. . .Xj\ _dx, ,dx^ . dx^, dy, dy^ dy^ . 

\yiy.'"yp/ ^x x/'^x^ y, y/' yp'"^^ 

40. The loga/rithmie differential of the Power is obtained 
in the following manner : 

First, in equation (2) suppose the variables x^x^x^. . ,XpU) 
be each replaced by x ; the first number contains j> factoids, 
and the second^ terms, the equation therefore reduces to 

dixP) dx ,^. 

-^ = p — (5) 

of ^ X ^ ^ 

Again, the logarithmic differential of a root of a variable 
is found by dividing the logarithmic differential of the vari- 
able by the index oi the root ; for {x being an integral power 
of its root) we have by equation (5), 

dx^ dWx) 

d{Vx) 1 dx 

hence, g- = ; 

^xJPi^ 

or, adopting the notation of fractional exponents, 

d{xP) _ldx 






(6) 



In general, the exponent being any fraction * , we have, 
from (5) and (6), 
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p 

d{xq) _ 1 d{iJcP) _pdx .^ 

£ q ncP q X ^^ 

Again, by applying equation (3), since ar~ = — , we obtain 

Xf 

the logarithmic differential of a power when the exponent is 
negative, thus — 

Hence n denoting any number, integral or fractional, posi- 
tive or negative, we have by (5), (6), (7), and (8), 

#.-)^^^ (9) 

That is, tke logarithmic differential of the n^ power of a 
variable is equal to n times the loga/rithmio differential, of 
the va/riahle. 



41. The differentials of many expressions are most readily 
obtained by writing first the value of the logarithmic differ- 
ential ; thus, if 



_ x\ a — x) Vy-^h ^ 
Vy{x + a)» 



du _^dx dx . dy -.dy o dx 
u x a — x y-{-o y x-^-a 

from which, by substituting the value of u^ du may be ob- 
tained. This method is adapted to the differentiation of those 
expressions involving variable factors, to which logarithms are 
adapted in computation. 
8 
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THE POWER (af*). 

42. The formula for differentiating any power can now 
be obtained by multiplying equation (9) Art. 40 by af^, thus — 

d{^) = naf-^dx (/) 

That is, the differential of a power of any va/riahle is the 
continiced prodiect of the exponent^ the variable with an ex- 
ponent less by one than the given exponentj and the differen- 
tial of the variable, 

Thus— 

d(^\=d{x-^)= -QTT^dx, 

and d\g^) = f ^ ^• 

This result applies of course to powers of functions of one 
or more variables. Thus — 

d{ay + h(fy = m{ay + baf)'^\ady + bnaf-^dx). 



Examples VIII. 



1. Differentiate 3ax*-^b% and Vx"" — a\ 

2. Differentiate (a + bx)x\ and (1 + 2a?)il + 4 x)'. [Ex- 
pand before differentiating.] 

3. Differentiate (1 + x)* (1 + a^f. 

4. Differentiate the identities af*af = a^+% and(a?*~f= aj~. 

5. Differentiate (a + x){b + x){o + x). [Expand.] 

6. Find the derivative of (1 + af^f + (1 + aj~)*~. 



X' 



7. Find the derivative of ; [Rationalize the 

denominator.] 
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8. Find the derivative of --==• 



9. Find the derivative of t^ = (1 + a^) Vl ■— x. 
dAi , l-\-x 1 — Zx 



10. Differentiate — - — , Ana. r-t i^^t' 

11. From the equation a?y = 1, derive the logarithmic differ- 
ential of y. 

12. Derive the logarithmic differential of the quotients - j 
directly from formula {e). 

14. If y = (« 4" ^)' (* "~ ^)*^'j ^d % '^y formula ((?'). 

15. If y = (a + aj)"*(J + a?)^find^. 

16. Differentiate 7 — ; — r=:-7T-n — ^- [Use negative expo- 

{a -\- xf (p -\- xf L & r 

iients.] 

17. If t^ = -^^ T-.find^. 

af* — 1' (foj 

18. If i^=(l-aj)^ (l+a?), find e^w. 

1«. If 'w = (3J + 2aaj)* (J — oo?), find dni. 



Ana. 5a'a3 i^3J -j- 2ax.dx. 



20. If y = A /l±^, show that ^= —  — ^ ^ 
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v^ 



. , n . -2aj(2-ar') 
entialB.] Ans. 7 ^ — . 

(!-«•)* (l + ar")' 
22. if M = J ^= }■ , prove that -:=- = — , 



23 



1/1 - a;" ( 1 + 1/1 - aj'i <*» 

[Put •< v z=Uy and use logarithmic differen- 
tials; see example 22.] 

^ U + ^l-a^) (l-a;')* 
24, Differentiate —-===, in the fonn 5 ] 1 }• . 

See Ex. VH. 14. 

2ar'-l 



25. Differentiate 

26. Differentiate 1^1+^+ ^'1=^ . 

a? 

[Transform thus, ^l+a?'+^l-^'_. ^■^^=ri:i^^^^ii 

Ans. — a ,/:i 4 dOG. 

X VI— X 



27. If t^ = ^ l+a^' +^l ^^ fij^d ^^ [Rationalize the 
denominator before differentiating.] 
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28. A tree whose diameter is 6 inches is increasing in 
height and diameter proportionately; compare the present 
rate of its volume with the rate of its volume when its diame- 
ter, supposed to increase uniformly, shall have become 3 
feet. 

29. If an ingot of silver in the form of a parallelopiped 
expand j-jhnf P*^ ^^ ^^^^ ^^ ^^ linear dimensions for each 
degree of temperature, at what rate is its volume increasing 
when the sides are respectively 2, 3, and 6 inches ? [Observe 
that, X representing a side, dx may be used to denote the rate 
per degree of temperature instead of the rate per second.'] 

30. Prove generally that, if the coeflBcient of expansion of 
each linear dimension of a solid is A, its coefficient of expan- 
sion in volume is Sk. 

Let X denote any side ; then, if V denote the volume, we 
shall have F=ac'; c being a constant dependent on the 
shape of the body, 

dV=3(Xx^dx; 
but dx = kx, .'. dV=3k.cx* = 3k.V. 

31. Wine is poured into a conical glass 3 inches in height 
at a uniform rate, filling the glass in 8 seconds ; at what rate 
is the surface rising at the end of one second 'i At what rate 
when the surface reaches the brim ? 

Let h denote the height of the glass (3 inches), v^ its entire 
volume, V the volume when filled to the height a?, and a the 
time required to fill the glass (8 seconds). 

XV 1^1 J h V ^ J 

YT= — .' , x = h -^, whence dx= ^. — :rdp ; 
a^ 3a \v / 



In this case dx 



=»(^)*- 



r 
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If -^= 8, dx = i inch per second. Ist case. 

If -^= 1, dx = ^ inch per second. 2d case. 

32. A vessel sailing due south at the uniform rate of 9 
miles per hour is 20 miles north of a vessel sailing due east 
at the rate of 10 miles an hour. At what rate are they sep- 
arating— 1°. At the end of H hours ? 2°. At the end of 2^ 
hours? 

Ans. 1^. Separating at the rate of ff of a mile per hour^ 

33. When are the two ships mentioned in the preceding 
example neither receding from nor approaching each other 1 
[Put the expression for their rate of separation equal to- 
zero.] ) 

Am. When the first ship has sailed 7ff miles. 

34. If the difference of the n*^ powers of two variables is 
constant, show that the (1 — 7i)*^ power of the ratio of the 
variables is equal to the ratio of their rates. 



( 39 ) 



ji 



\ 



CHAPTER III. 

THE DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS. 

IX. 

THE LOGARITHMIC FUNCTION (logi»). 

43. In this chapter, the formulas for the differentiation of 
the simple transcendental functions of an independent vari- 
able are to be deduced ; by means of these, in connection with 
the formulas already established for algebraic functions, the 
student will be enabled to differentiate any function expressed 
by a combination of known symbols. 

To deduce the differential of the logarithmic function, we 
employ the method exemplified in Art. 32. 

The symbol loga? is used to denote the logarithm of a? to 
any base, and log^a:? is used when we wish to designate a par- 
ticular base h. 

Let z = rrvx^ then will dz = m^ (1) 

and logs = logm -f- loga?, . • . ^(logs) = (i^(loga?) (2) 

Dividing (2) by (1), 

6?(log;s) __ t?(logaj) ^ 

dz nidx ' JISv 

substituting for m its value -,and separating the variables, we "-^ ^ 
obtain 

^ d(^ogz) ^ ^ d(\ogx) , 

dz dx ^ 

This equation, like equation (5) of Art. 32, is true for all 
values of a?, z^ dx, and dz. For, the derivatives being f unc- 



'4 



tst^ 



"vS. 
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tions respectively of z and of x by Art. 27, equation (3) may 
be written in the form 

zf\z) = ^f\xy, ,...(3') 

and, moreover, the values of x and z are entirely independent, 
bepause their assumed ratio m has been eliminated. Now, 
since the form of the first member of equation (3) or (3^) is 
the same as that of the second member, this equation shows 

that the value of the expression x - n is unchanged when 

CLX 

X is changed to z^ the latter denoting any other value of the 
independent variable, that is, the expression is independent 
of the value of a? ; it will be found, however, to depend upon 
the base of the system of logarithms to which loga? belongs. 
Denoting now the base by i, we put 

X ^y = B (4) 

ax 

44. In this equation, B can be dependent upon no quan- 
tity except h. Equation (4) may be written in the form 

dilog^) = ^; (5) 

i 

similarlv, if a is the base, we use A to denote the constant 
value 01 the expressions in equation (3), thus — 

^(log^) = ^ (6) 

A relation between A and B is found by differentiating 
by (5) and (6), the identical equation 

^ogaX = ]ogJ> log^aj,* (7) 



* 



This identity is most readily obtained thus, — by definition 

taking the logarithm to the base a of each member, we have 

log^x^log^x log^5. 
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:ana thus obtaining, = \o^J) ; 

whence A == Blogjb = logab^ ; 

therefore, by the definition of a logarithm, 

a^ = b^ (8) 

Now, it is obvious that the value of a^ cannot depend upon 
h, hence equation (8) shows that the value of b^ likewise can- 
not depend upon b ; b^ must, therefore, have a value entirely 
independent of the base of the system of logarithms to which 
loga? belongs. Denoting this constant value by e, we write 

b^ = e (9) 

Taking the logarithms of each member of equation (9) 
adopting this constant as a base, we have 

B log^S = 1, 

whence B = -r — ^ (10) 

^ogeb 

Introducing this value of B in equation (5), we obtain 

^^^S*^) = To-^ ^> 

In this equation, the differential of a logarithm to any base 
is expressed with the aid of the unknown constant e. 

If the logarithms are taken in the system whose base is 6, 
•equation (g) reduces to 

^(log^) = -^ {g') 



NEPEBIAN OR HYPERBOLIC LOGARITHMS. 

46. The constant e is known as the Neperian base [from 
the Latin form of the name of Napier, the inventor of loga- 
rithms] ; logarithms to this base are variously termed natural, 
Neperian, or hyperbolic logarithms. 
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On account of the simple form of equation ig') these loga- 
rithms are usually employed in deducing formulas ; but, as^ 
logarithms to the base 10 are exclusively used in computation, 
the resulting formulas are rendered available for practical 
purposes, by substituting for log^ its value from the equa- 
tion 

logioa? = logio^ log,a?, 

which is deduced from equation (7), Art. 44, by writing 10 
for a, and e for h. 

Hereafter whenever the base of logarithms is not expressed^ 
e is to be understood. 

The term hyperbolic as applied to Neperian logarithms is 
derived from a property of the rectangular hyperbola deduced 
in articles 46 and 47. 

46. The equation of the hyperbola referred to its asymp- 
totes is 

xy =i c^\ 

taking c = 1, and the axes rectangular, we have for the equa- 
tion of the rectangular hyperbola in the figure, 

, 1 

a^j^ = 1 or y = -. 

Draw the ordinate to the vertex (1, 1), and suppose a vari- 
able ordinate to move from this position toward the right. 
The area generated by this ordinate will be an increasing 
variable quantity, which may be regarded as a function of x 
and denoted by F{x). 

At the instant a? has attained a given value, the correspond- 
ing rate of F{x) may be measured by giving the area a con- 
tinuously uniform rate identical with that which it has at that 
instant [see Art. 8]. This is effected by supposing y to re- 
main constant and x to increase uniformly from and after 
the given instant with the rate dx^ thus renderingthe rate of 
the area uniform. In the figure the area AB RjP represents 
the value of F{x) at the given instant, and the rectangle ydx 
its rate at the same instant. Hence we have at every instant 
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4* 



d{F{x)} = ^(Area) = ydx. 
This equation, it may be remarked, has been derived with- 



in 




F(x.)y 




-d-x- 



B 



R 



out regard to the relation between y and a?, and is therefore 
applicable, whatever be the equation of the curve. 



47. In the present case, since y = -, we have 

by equation (^^). Thus, F{x\ the expression for the area^ 
varies at the same rate as the rfeperian logarithm of x. 
Now, when a? = 1, the area reduces to zero, and log^l = 0, 



or 



i^(l) = log,l ; 



therefore, F{x) and log^ starting from the same value, and 
constantly increasing at the same rate, we have 

F{x) = log^. 

That is, the area included betweent he hyperbola, the axis of 
Xy and the ordinates corresponding to x and 1 respectively is. 
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equal to the Neperian logarithm of x. It is easily inferred 
by subtraction that the area indvded between any two ord^ 
nates is the logaTrithrri of the ratio of the abscissas. 

48. Let the ordinates corresponding to the abscissas 2 and 
3 be drawn ; then the area included between the ordinates 
corresponding to 1 and 2 will represent logg2, and that in- 
cluded between those corresponding to 1 ana 3 will represent 
logg3. Completing the square ^ ^ 2 1, we see that loge2 is 
less than one. 

Draw a tangent to the curve at the point (2, ^) ; this tan- 

fent, the axis of x, and the ordinates corresponding to 1 and 
form a trapezoid of which the sum of the parallel sides is 
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•one, and the distance between them two ; its area is, there- 
fore, one. The area representing logg3 being greater than 
this trapezoid we have logg3 greater than one ; 

therefore log«3 > 1 > log^. 

Now, since log^,^ = 1, this inequality is equivalent to 

logc3 > logee > log«2 
x>r 3>e> 2. 

The Neperian base is therefore intermediate in value be- 
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tween 2 and 3 ; its exact value will be derived in a succeed- 
ing chapter. 

49. Formula (/) shows that the differential of the Nepe- 
rian logarithm of a variable is identical with the expressiou 
defined in Art. 38 as the logarithmic differential of the vari- 
able. 

Negative quantities have no real logarithms, but since 

d{— x) _^dx 
— X a?' 

the logarithmic differential of a negative quantity is the dif- 
ferential of the Neperian logarithm of its numerical value 
taken positively. 



THE EXPONENTIAL FUNCTION (a*). 

60. An expression of the form a*, in which x denotes any 
variable, and a any constant, is called an exponential func- 
tion. 

If a is negative, a* cannot denote a continuously varying 
quantity. We therefore exclude the case in which a haa 
negative values, and regard a* as a continuously varying posi- 
tive quantity, of which the logarithm to the base a is x. 

Assume y = «% 

whence l<>gay = ^ J 

differentiating by {g\ -^ — ^— = dxy 

or dy = \og^.ydx] 

but y^aJ^ r. d{d^) = log^. d^dx (A> 

If a = ^ we have as a particular case 

d(f) — e'dx.. (A> 

61. An expression of the form a^>iu which x and y denotO: 
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any two variables, may easily be transformed into an ordinary 
.exponential function : thus, by definition of log a?, 



• M • 



In this form the expression can be differentiated by formula 
{Ji'\ thus, — 

or d(^) = a?''(y 1- loga?.^y). 

We may also difFerentiate a^ by assuming 

\whence, taking Neperian logarithms, 

logs = y loga?. 
By formula ig') 

dz dw . , J 

dz^z [y [- loga?.<?y], 

^r e^aj*^ = a?*' [y 1- loga?.%] 

a? 

»A before. 



Examples IX. 

1. For what value of log^a? are the differentials of the func- 
tion and of the variable equal % 

2. Trace the curve y=a^y taking a=2 ; also taking a=3, 

3. What is the value of tan <p at the point in which these 
.curves cut the axis of y% What is its value at the same 
point, if y = ^ ? 
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4. Trace the curve y = logoa?, and prove that if the point 
ivhose abscissa is e be joined to the origin, the joining line 
will be a tangent to the curve. 

5. Prove formula ((?') by differentiating the logarithms of 
the two members of the equation u = x^x^. . .,Xp. 

6. Prove formula (e) in a similar manner ; also formulas 
(d) and (/). 

7. DifFerentiate the identity a^+J' = a* a^. 

8. DifEerentiate the identity (O* = (a*)"* = a"^. 

9. What inference in regard to the difEerentiation of loga- 
rithmic expressions can be drawn from the differentiation 
of the identity 

QQft 

log— = logj — loga + logo? ? 

10. Differentiate a^ . Ana. 2 loga.a* x dx. 



1 



11. Differentiate ^'^^ 



X 

12. Find the differential of a* . 



Ana, \oga. logJ.a* . J*, dx, 

13. a? loga?. Ana, dx + logscdfe. 

14. €"(). - »"). ^7w. ^(1 - 3 aj* - »") di». 

15. (aj_3)62* + 4aj6* + aj + 3. 

^7W. [(2a?-6)^ + 4(aj + l)6«' + l]di». 

16. (2a?-5)e^ + 4(i» + l)^-l. 

Ana. 4^i(aj — 2) ^ + a? + 2}^. 

^^ e^ — e-^ . 4db 



I 
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18. log {x + Vd' + a'). Am. ^-tj— , 

19. log (^ + ^r-^'). 

20. log (loga?). Am. —, 

21. log {logia + hf)}. 

22. ai^fi^. 

23. log ^ 



- i^l-a^ 



a? 



Am. < ' — >dx. 

(X [x^VT^Vl-x') 



ciA 1 Va-A- Vx . Vadx 

24. log ' — -- Am. 






25. l^g^+T- 

26. Prove that logl^af* = logoflj. 

27. ^f\x) = , prove that f{x) = logc {a — x) or 

X — Of 

logc (a? — a)y according aBa>ccora<a?, c denoting any posi- 
tive constant. 

^ ^ dx 

28. i^-log(l/S+l). ^^^ 2(i^ + l) ^ 

29. ar«. 
80. {rf^. 
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X. 

THE TRIGONOMETEIO OR CIROTJLAR FUNCTIONS. 

52. In expressing the differentials of the circular functions 
of a variable angle, we employ, as the measure of the angle, 
the ratio of the subtending arc to its radius ; in other words, 
the quotient obtained by dividing the length of the arc ex- 
pressed in linear units by the length of the radius. Let 8 
denote the length of the arc, a that of the radius, and let be 
the circular measure of the angle ; then 

a 
The differentials of the circular functions of 0, viz. : 

sin^ tan^ sec^ 

cos^ cot^ cosec^ 

are now to be expressed in terms of d0. 

When the independent variable reaches the value 27r, the 
values of its functions return to the values with which they 
started when was zero ; hence these functions are said to 
he periodic; their derivatives likewise partake of the same 
character. 

THE SINE AND THE COSINE (siu^ and COS^). 

53. Let the variable angle be generated by the rotation 
of the radius a about the origin of rectanglar co-ordinates 
starting from the position OA. The extremity P of the 
radius moves in the circle 

x^ + f = a\ (1) 

and generates the variable arc s. 

Let PjB and £P^ represent the rates respectively of the 
abscissa and ordinate of P when it arrives at the position in- 
dicated in the figure. Then will PP' be a tangent as in Art. 25 ; 
4 
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and, moreover, the length of PP' will represent the actual 
velocity of the point P, or ds^ because it is the space through 
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r\' 
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which P would move in the unit of time, were dxy dy^ and 
consequently ds to become constant. 

Now, sin^ = ^, and cos^ = -, (2) 

dhmd) = % and ^co8<?) = — (3) 

In equations (3) we have to express dy and doi in terms of 
d^nAdd. 

Denoting by (p (see Art. 26) the inclination to the axis of x 
of the direction of the motion of the generating point when s 
is moreasing^ we have 

dy = sin^. cfo, and dx = cos^. da, • • . . (4) 

and, substituting in equations (3), we obtain 

e^sin^) = sin^ — , and d{QO&0) = cos^ — (5) 
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In the figure, <p being in the second quadrant, and ds being 
|)06itive, do& is negative. 
DiflFerentiating equation (1) 

xdx + ydy = 0, 
whence tany> = -^ = ; (6) 

or, since - = tan^, (7> 

tanf = — Qotd = tan(<? ± q); 

TV 

therefore f = + h (8) 

It 
In equation (8) we take ^ + «> because <p has been defined 

^as the angle between the positive directions of ds and dan. 
Now, in equations (6), we substitute 

It 
sinf = sin((? + « ) = cos<?, 

cosp = cos((? + ^ ) = — sin<?, 

/To o 

«nd — = eZtf , since - = tf : 

whence eZ(sin^) = co&Odd, (^) 

:and d{QOB0) = — sinOdO (J) 

54. Equation (8) shows that in the case of the circle the 
tangent, according to the general definition of Art. 25, is per- 
pendicular to the radius through the point of contact, and is 
therefore identical with the tangent as defined in Geometry. 



t 
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THE TANGENT AND THE COTANGENT (tan^ and COt^). 

56- The differential of tan^ is found by applying formula 
(^) to the equation 

sin^ 



tan^ = 



cos# ' 



thus ^(tan^) = eosg #ing) - sing ^(cosg) 

^ cos g 

or ^(tan/?) = -^ = sec"(? ^g Qc\ 

^ cos g ^ ' 

The differential of cot d is found by applying formula (A) 
to the equation 



cotg = tan ( 9 — ^ ) ; 



whence ^(cotg) = t—t^ = — cosec^'g d9 (ZV 

^ ^ sm g  ' 



THE SECANT AND THE COSFXJANT (sccg and COSCC^). 

56. The differential of sec^ is found by applying formula 
(rf) to the equation 

1 



secd = 



cosg ' 



whence ^(sec^) = ^77- = secg tang dd (jri) 

^ ^ cos g ' 

The differential of cosecg is found by applying formula 
(m) to the equation 



cosecg = sec ( 9 — ^ ) > 



whence ^(cosecg) = . ^^ = — cosecg cotg (^) 
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Examples X. 

1. By means of the equation cosd = sin ( o "" ^ )? derive 
the formula for differentiating cos^. 

2. By means of the equation versing = 1 — cosd, derive a 
formula for differentiating vers^. 

3. Why have the derivatives of the complemental functions 
the negative sign. 

4. Show that the function tan^ is always increasing as 
increases. Show also how this is consistent with the periodic 
character of tand. 

5. For what value of d is d(&in0) = d{teLiid) ? 

Arts. = 0. 

6. From the identity sin'^ -|- cos'^ = 1, derive the differen- 
tial of cosd. 

7. From the identity &eG^0 = 1 + tan''^, derive the differen- 
tial of sec^. 

8. What trigonometric formula is obtained by taking the 
derivatives of Sie two members of the equation 

sin2^ = 28in^cos/? ? 

9. From the identity sin(^ ''"D^i^ (sin^+cos^), de- 
derive another by taking derivatives. 

10. Find the differentials of 

log sin^ log tantf log seed 

log COQ0 log cotd log cosecd. 

11. Z^*. Ans. V^ co^dx. 

12. sin a*. 

13. X sin a?. Ana. (^m3(? -f- ^co^)dx. 
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14. + sin^ co8^. Ans. 2co6"tf dff. 

15. sin^ — -Jsin'^. 

16. tan'd + log (cos'^). Ans. 2tan'^ dd. 

17. log (seed + tan/?). 

18. log tan (j + 2)' 

19. Jtan'd — tand + 0. 

20. + log cos (j - A 

21. tana». 

22. sin^i^ {&m0)\ Ans. n{Qm0y^^ &m{n + 1)0 dd. 

i 23. logj^sina? + log Vco^. Ans. cot2a3 dx. 

24. 6®* (a sina? — cosa?). Ans. (a *+ 1) ^* mixdx^ 

25. ^(cosaj — sina?). Ans. — 2^* sina? die. 

26. The crank of a small steam-engine is one foot in length, 
and revolves uniformly at the rate of two turns per second ; 
the connecting-rod being 5 feet in length ; find the velocity of 
the piston when the crank makes an angle of 45° with the 
line of motion of the piston-rod ; also when the angle is 135°, 
and when it is 90°. 

Let a, J, and x denote respectively the crank, connecting- 
rod, and variable side of the triangle ; and let denote the 
angle between d^ and a?. 

We easily deduce 



x=za cos<? + VV^ — a^&m^0 ; 



whence 



dx=- 



= — fasi 



Qia0+ 



d? sin^ cosd 



VW^^'^Mh) 



\d0. 



In this case, dO = 4;r, a = 1, and b = 5. 
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27. Obtain an identity by taking derivatives of both mem- 
bers of the equation 

and verify the result. 

28. An elliptical cam revolves at the rate of two turns per 
second about a perpendicular axis passing through one of the 
foci, and gives a reciprocating motion to the end of a bar 
moving in vertical guides in a line vs^ith the centre of rota- 
tion. The relation between a radius vector from the focus 
and its inclination to the major axis is expressed by the equa- 
tion 



1 — e cos^ * 



Jlp is 6 inches and e is ^, find the velocity with which the bar 
is moving when 6 is 60° ; also when is 90°. 

29. Find a general expression for the rate per minute of 
angle, of logjo tan^, and compare the value of this rate when 
is 45° with its value when d is 15°. 

[In this case dd = jgQ^^-] 

30. Given, x = rcos^, and y = r&indy to deduce 

dy sinO+dx cos^ = dr^ 
and dy coB0—dx sin^ = rdd. 

31. From x = rco&d, and y = rsind, deduce 

{dxy + {dyy = {dry + r\d0y. • 

32. Trace the curves, y = sina?, y = tana?, and y = seca?. 
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XI. 

INVERSE FUNCTIONS. 

67. If we have y =f{x\ (1) 

X may be expressed as a function of y, thus — 

^ = <piy) (^^ 

Each of these functions f and ^ is called the inverse of the 
other. For example, if 

y = logaa?, 
x = a^. 

Each of these two functions (the logarithmic and the expo- 
nential) iSj therefore, the inverse of the other. 
If we can solve the equation 

y =/H 

for Xy we thereby find the form of the inverse function ; 
thus, if 

y = x% 

x= ± Vy, 

When, as in this case, the function derived has more than 
one form, either may be regarded as the inverse of the given 
function. 

The derivatives of (1) and (2) have the forms 

l=/'(^)' (3) 

and _ = ^%); (4) 

hence, multiplying, 1 =if\x). <p\y) (5) 

If, then, the derivative of one of these functions be known, 
the derivative of its inverse may be deduced from (5). 

We have already employed this method in deriving formu- 
las (J) and (A) ; in each case ^\y) was previously known, and 
the final step was its expression in terms of x. 
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INVERSE TRIGONOMETRIC FUNCTIONS. 

68. The inverse trigonometric functions require a peculiar 
notation ; thus, 

if a; = sin^, d = &m~^x, 

and if x = tan^, d = tan~*a? ; 

sirr'^x is read " arc whose sine is a?," &c. 

While the arc 6 increases indefinitely, each of its trigono- 
metric functions passes through all its possible values an in- 
definite number of times ; the number of arcs corresponding 
to a given value of the function is therefore unlimited. As 
each function passes through all its possible values once, one 
value of the corresponding arc passes continuously through a 
semicircle. Hence, to avoid ambiguity, the symbols sin~^aj, 
tan~^a?, cos~^a?, &c., are restricted in meaning to the arc within 
one such semicircle. 

69. The semicircle is, in each case, so selected as to include 
the first quadrant, in which therefore the arc is taken, when- 
ever X is positive. 

Accordingly, while a? passes continuously from —1 through 

zero to -j-l, sin~^a? passes from — p ^^ +9 ? ^^^ function 

being impossible for values of x not included between these 
limits. 

In like manner, tan ~^x varies between the same limits, while 
on passes continuously through all values. 

On the other hand, sec~^a? passes from to tt, while x 
passes from -|-1 to —1 through infinity. 

• 

60. Since the cosine of the complement of an arc is the 
same as the sine of the arc, we have the equation 

cos~^aj = p — sin~^a:?. 

7t 

Likewise, cof^a? = ^ — tan~^a?. 
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and cosec~^aj = „ "~ sec~^a?. 

The limiting values of these arcs may be derived as in Art- 
59, or from the above formulas ; the complement of a nega- 
tive angle being in the second quadrant. 

Thus sin~^a35 tan~^a?, and cosec~^aj vary between — ^ and 

+ o J while cos~^a?j cot~^a?, and sec~^aj vary between and n. 

It is further evident from these formulas, that the difEeren- 
tials of the last three are simply those of the first three with 
their signs reversed ; it is therefore only necessary to deduce 
the differentials of 8in~^aj, tan~^ajj and sec~^aj. 



THE INVERSE SINE (sin~^a?). 

61. Put y = sm~^x, whence siny = x. 
By differentiating, we obtain 

, dx 
cosy 

cosy is positive, since y is always between — h*°^ + o ? there- 
fore cosy = Vl — sin'^y = 4^1 — - a?'', and consequently 

d^VDT^di) = — == {p) 

Vl — x^ 

By Art 60, ^cos-^a?) = - ^ {o^ 

V x. "~ X 



THE INVERSE TANGENT (taii~^aj). 

62. Put y = tan~^a?, whence tany = x. 
By difEerentiating, we obtain 

, dx 
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but &eo^y = ! + »', therefore 

#an-^a.) = ^ (p) 



By Art. 60, d(co\r'x) = - ^-^ (j>'y 



THE mVEESB SECANT (sec"^®). 

68. Put y = 8ec~"^a?, whence secy = x. 
By difiFerentiating, we obtain 

, dx 

dy = 



tany secy 



secy = aj, and tany = ± Va^ — 1 ; since y is in the first or 
second quadrant, tany has the same sign as secy, and there- 
fore their product is always positive. 
Substituting, we obtain 

d(QeG~^x) = — , (q} 

and, by Art. 60, d{cosec'~^x) = -== {q^) 

xVix^ — 1 



In each of these fractions the denominator [x Va?— 1] must 
be taken positive even when x is negative. 



THE INVEESE VEESED-SINE (verS~^a?). 

64. Since it is sometimes convenient to use the function 
ver8"~^aj, we proceed to deduce its differential. 

If x = versy, y = vers~^aj, 

then 1 — a? = cosy, y = cos~Xl — x) ; 

hence vers""^a? = co8""Xl — x). 



«0 



THE DIFFBEENTIATION OF 



Differentiatinff, d(vere~^x) = ^ , 

VI - (1 - xf 

€u3R 

^^ (^(vers-ia?) = - _ — (r) 

r2a5 — ar 



Examples XI. 



.. Prove that d\ sin""^ — ) = , 



madx 



•2. Prove that dfts^ir'—) = _, 

5. Prove that ^(sec-^^)= ^ 



4. Derive ^(cos""^), assuming y = cos""^a?. 

5. Derive ^(sec-^a?) from the equation 

sec""^a? = cos""^-. 

X 

6. Show by differentiation that x = sin (tt — sin"'^. 

7. Trace the curves, y = &iir% y = tan-^a?, and y = sec~^i». 
|;Notice the restrictions of Art. 59.] 

8. Differentiate 8in"-^2aj, and tan^^a?^. 

9. sin-Xcosa?). Ans. --dx. 

10. sin (cos-^aj). Ans. - ^^ 



VI -a? 

11. sin-Xtan<?). * Am ^^^'^^^ 

12. cos-X2cos(?). 
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-1^ - a^r.-l ^ 



13. DifFerentiate the identity tajr^x = sm-^ — — =. 

14. DifEerentiate the identity tan-^a?+tan-^«=tan-^ ^T^- 

^ V Vl + cosa?/' ax 

/ 1 — - fly \ 

16. Find a simpler expression for cos"-^ ( iZlT^ ) ' ^^ exam- 
ining its differential and ijts value when a? = 0. 

17. a?8in-^aj + Vl — ^. , ^^' &m-^x.dx. 

18. tan-i^. 

19. (052 + 1) tan-^a? — x. Ans. 2a? tan-^a?.cfe. 



X 



20. ah\xr^ t\r^^(j^^r^. Ans. 2 V^s?dx. 

a ' 

21. tana? tan~*a?. 

22. tan-^. Ans. j-^. 



23. sin 



,-n -1 - "^^ . jln5. 



db 



4/2 ' V^l — 2{» — 



25. tan "X^ tan a?). 



27. (aH-»)taii-iy |- Vm. -^m*. tan >y ^ 



<:^. 
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28. sin-^ Vqiux. Am. ^ vT+cosecfic^. 



a?8m~^a? 



29. 4^1 ■— a? sin-^aj — x. Ana. — /^ \ dx. 

r 1 — af 

OS siD OS sin — ^oG 

31. Given a? = rcos^, and y = rsin^ ; eliminate d and find 
dr ; also eliminate r and find 6?^. 

32. By means of the values of dr and dd required in exam- 
ple 31, prove that 

(dry + r'idef = {dxf + {dy)\ 

33. When light passes from air into water, the angle of 
refraction is the angle whose sine is f the sine of the angle 

of incidence. If the zenith distance of the sun is 45°, and 
is increasing 10° per hour, what is the rate of the angle of 
.refraction ? What is its rate just as the sun sets ? 
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CHAPTEE lY. 

SirCCESSIVE DIFFERENTIALS AND DBBIVATIVES. 

XII. 

THE DIFFERENTIATION OF FUNCTIONS OF THE TIME. 

66. When a variable quantity is expressed as a function of 
t (the time elapsed from a given instant or origin of time), its 
rate has a definite value for each instant (Art. 11), and conse- 
<quently is itself a function of the time. The differentiation 
of functions of t has not hitherto received especial attention, 
but the processes already established for the differentiation of 
functions of x apply likewise to those of t ; thus, — 

j/a\ adx 

«o likewise d[-\^= ^.* 

When, however, t denotes the elapsing time, dt is not arbi- 
trary like dx (to which any value may be assigned), but is 
obviously constant, and has the numerical value unity (for the 
date of elapsing time increases at the rate of one second per 
second). It is nevertheless necessary to retain the symbol dt 
to characterize the expression in which it occurs as a differ- 
ential expression derived from a function of t ; this necessity 
will be more apparent as we proceed. 

* The method we have pursued, of introducing at the outset functions of 
an independent variable with an arUt/rary differential, has this advantage : 
isince we are at liberty to substitute for ^ any differential whatever, either 
constant or variable, we can at once differentiate any ^^ function of a funo- 
idon.'* In order to establish thus generally the formulas for rates, it was 
necessary to demonstrate the Fundamental Theorem, that the arbitrary dif- 
ferential (22; appears only as a factor ; thus — 
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SPACE DESCRIBED, AND VELOCITY. 

66. The application of the principles of the CoIguIus ta 
functions of the time is of frequent occurrence in Mechanics. 
Thus, for example, if s denote the space described in the time 
^ by a moving body under the influence of known forces, ^ 

will be a function of t. and its derivative -^ will also be a. 

at 

function of t. Since <^^ = 1, this derivative will be equal ta 

the rate of the variable 5, and hence to the velocity of the 

moving body (Art. 2). Denoting the velocity by v^ we have,. 

therefore, 

ds 

dt 

67. In the case of a freely falling body, the foritiula for s \si 

where ^ is a constant whose value is determined by experi- 
ment, and t is the time of falling. Taking the derivative, we 
have 

ds 

the formula for the velocity ; these formulas are thus consis-^ 
tent, and each has been experimentally verified. 



SECOND DIFFERENTIALS. 

68. When the difPerential of a variable is not constant, it 
has its own rate of change or differential ; this differential of 
the differential is called the second differential of the origi- 
nal variable. In other words, a? denoting the variable, if cfo is 
not constant d(d3^ will have a value. The symbol d?x (which 
may be read d-secondx) is used as an abbreviation of d{dx), 

69. Thus, resuming the functions of t discussed in Art. 9 
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imd Art. 10, if x = f, it was remarked that dx must be an 
increasing quantity, hence d^x should be positive ; accordingly 
we find 

dx = 2tdt and, therefore, d^x = 2{dt)\ 

Also, in the case of the function x = — ^, it was remarked that 

* 

dx should be negative and numerically decreasing ; accordingly 

we have 

since dx is negative and decreasing numerically, its rate must 
be regarded as one of increase, and consequently we should 
expect d^x to be positive ; in fact we find 



d^x = — -^—^y ^ positive quantity. 



Finally, if 



x = sm -^, 



it will increase with a decreasing rate until t — 1, then de- 
crease until t = 3; accordingly we find 

6fo = - cos -^ dt, and d^x ~ — j- ^^^ "o"* i^^f* 

The value of d^x is clearly negative until t reaches the 
value "jii ; dx has then its "greatest negative," or in reality its 
least value. 

In each of the above second differentials the factor ((i^)^ pre- 
sents itself, as dt presented itself in the first differentials, and 
is retained for a similar reason, although its value is evidently 
unity. 
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vELoornr and acceleration. 

70- The increase per unit of time in the velocity of a mov- 
ing body is called in Mechanics the acceleration of the motion^ 
and the decrease in the velocity per unit of time is called the 
retardation of the motion. The term acceleration is, how- 
ever, in general so used as to include retardation whenever 
the formulas for determining it give negative values. 

From what has been said above, it is evident that accelera- 
tion corresponds to sl positive value of the second differential 
of the space described, and retardation to a negative value. 

71. The velocity ^; of a moving body being a function of ty 

dv 

-J- is also a function of ^, and since dt is unity, this derivative 

will be the measure of the rate of v or of the acceleration of 
the motion. Denoting acceleration by oe^ we have, therefore,. 

__ (^ __ d /d8\ __dh 
"^^di^dtKdtJ^df 

{dt)^i^ usually written ^^^when it appears in the denominator 
of a derivative. 

In the case of a freely falling body (Art. 67), 

s = hlt^ r. v = -^^ = gty^Ti6.a = ^ = g. 

The last equation expresses that the acceleration or increase 
of velocity per second is constant, and equal to the velocity 
acquired at the end of the first second, or when if = 1 ; a 
result which has been verified by experiment. 



i 



J 






\ ' ■• 



SfPS8J895 
m 27 MJ97 



<./ i 







J 




